Introduction. The purpose of this note is to investigate the characteristic classes of manifolds admitting line element fields. Our main result, stated in §1, asserts that, if a compact M-dimensional manifold has k independent line element fields, then the characteristic classes can be expressed in terms of lower dimensional elements. In particular, if k = n, the Stiefel-Whitney classes are expressible as elementary symmetric functions of one dimensional classes and the Pontrjagin classes as elementary symmetric functions of the Bocksteins of these one dimensional classes. In §3, we give necessary and sufficient conditions that an orientable four dimensional manifold have four independent line element fields. As an application, we give an example of a fourdimensional non-parallelizable orientable manifold with four independent line
1. The main theorems. Let 0(n) denote the orthogonal group of mXm matrices, SO(n)CO(n) the special orthogonal group, and Q(n), SQ(n) the subgroups of diagonal matrices in 0(n), SO(n) respectively. Clearly Q(n) Z\ and SQ(n)~Zl~\ where AEO(n-k) and e¿=±l, lúiúk. Let SG(k) = G(k)C\SO(n) and Fk = 0(n)/G(k) = SO(n)/SG(k). Clearly G(k) « 0(n -k) X Z\, SG(k) 0(n-k)XZl~\ and both G(k) and SG(k) act on Fk.
Some other notation we will use is as follows. For any fiber bundle f = (£, 7T, B) with fiber Fand group 0(n), züy(f)G77'(73; Z2), 1 gj^M, will denote the jth Stiefel-Whitney class of f, p^EW^B; Z), \újún/2, the jth Furthermore, if f ts orientable(2),
Let A7 be a compact re-dimensional manifold with tangent bundle t(M). It is obvious that M has £ independent line element fields if and only if the bundle with fiber Fk associated with r(Af) has a cross section. Thus we have The first two statements of Corollary 1 are immediate from Theorem A. The last follows from the fact that 2«x(Af) = 0 but H"(M; Z) is torsion free.
In particular, if M has re independent line element fields, we say that M is line element parallelizable and we have (2) Note that, for n odd, one always has x(í)-^*wn-i(í) so (1.3) is redundant in this case.
The fact that the Euler-Poincaré class of an orientable manifold admitting a line element field is zero follows from Samelson [6] or Marcus [4] . Define x¿=/*yf, l^i^k, Ui=f*wt, l^i^n -k, and Vi=f*pi, l^i^n -k/2.
We now show that these elements satisfy the conditions of Theorem A. We first verify condition (1.1). Since ws(j") =<p*wq=f*a*wt, (1.1) can be rewritten f*a*wq = f*2Z, Wi°i(y\, ■ ■ ■, yn-k).
We in fact show that a*wQ= ¿Zi+i-i &&jiyu ' ' ' . Jn-k).
Consider the composite
where a and ß are induced by the inclusion maps GkCO(n) and Q(n) CG(k). The maps a, a, 7, 7 are induced by inclusions. Now, let Wj, pj, yj be the images of w¡, p¡, y¡ under the map 7*: 77*(PG(t)) ->77*(73SG(t)). 3. Orientable four-manifolds. In this section, we prove that the conditions of Corollary 1.3 are in fact necessary and sufficient for the line element parallelizability of compact orientable four dimensional manifolds. We apply this result to give an example of a four dimensional compact orientable manifold which is line element parallelizable but not parallelizable(4). Proof. That conditions (3.1) and (3.2) are necessary follows immediately from Corollary 2; we prove them sufficient.
Letcp: Af-r73So(4) be a classifying map for the principal bundle associated (4) Clearly, every compact orientable manifold of dimension S3 is line element parallelizable if and only if it is parallelizable. The Klein Bottle is an example of a nonorientable two dimensional manifold which is line element parallelizable but, of course, not parallelizable. = 0), and/*7*w2 = <r2(xi, • • • , x4) =w2(M) =<p*w2 so, by [7] or [3] , yf~<b and the theorem is proved. We now describe the example. Let £"= (M, ir, T) be the nontrivial SO(3) bundle over the two dimensional torus T with fiber S2. If a, bEHl(T; Z2) are generators, then w2(Q =ab and x(f) =0. To compute the characteristic classes of M, we need the following. Let £=(£, it, B) be an O in) bundle with fiber S"-1 and t(E), t(73) the tangent bundles to E and 73 respectively. Choosing a Riemannian metric on E, we can decompose t(E) into a Whitney sum t(E) = ti©t2 where Ti is the bundle of tangent vectors along fibers in E and t2 the bundle of tangent vectors orthogonal to fibers. If §1 is the M-plane bundle associated with £ and v the trivial line bundle over E, one sees easily that(6) ti®v = tt~1%i, the bundle over E induced from £ by ir. Since t2 = 7t_1t(73), it follows that 
